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Abstract. In this work a theorical framework to apply the Poincare´ compactification technique
to locally Lipschitz continuous vector fields is developed. It is proved that these vectors fields are
compactifiable in the n-dimensional sphere, though the compactified vector field can be identically
null in the equator. Moreover, for a fixed projection to the hemisphere, all the compactifications
of a vector field, which are not identically null on the equator are equivalent. Also, the conditions
determining the invariance of the equator for the compactified vector field are obtained. Up to
the knowledge of the authors, this is the first time that the Poincare´ compactification of locally
Lipschitz continuous vector fields is studied.
These results are illustrated applying them to some families of vector fields, like polynomial
vector fields, vector fields defined as a sum of homogeneous functions and vector fields defined by
piecewise linear functions.
1. Introduction
The study of the asymptotic behaviour of the solutions of an autonomous ordinary differential
system is usually carried out throughout the compactification of the phase space, that is, mapping
the phase space to a compact manifold. In the Poincare´ compactification, this compact manifold
is the n-dimensional sphere Sn centered at the origin O, which has the advantage of identifying
the different directions at infinity by its projections on the equator.
Denote H+ to the upper hemisphere and E the equator, that is, if z = (z1, . . . , zn+1) denotes
the coordinates of the point z in Sn, then
H+ = {z ∈ Sn : zn+1 > 0}, E = {z ∈ Sn : zn+1 = 0}.
Consider also a diffeomorphism
R
n h−→ H+.
In the classical Poincare´ compactification [13], the diffeomorphism is defined by the stereographic
projection of Rn onto the north hemisphere of the sphere Sn and locating the projection point
at the center of the sphere. In other words, the diffeomorphism is defined identifying Rn as the
hyperplane of Rn+1 tangent to the sphere at the north pole en+1 = (0, . . . , 0, 1) ∈ Rn+1, and
defining the mapping h that assigns to each point x of Rn the intersection of H+ and the line
through x and O.
Let f be a vector field in Rn and denote g its projection to H+ by h. The vector field is called
compactifiable if there is a regularization function ρ (a change in the parametrization of time)
such that ρg can be extended to H+ ∪ E with certain regularity (see [9] for more details).
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The existence of an unique integral curve through a point z0 on the sphere is equivalent to
the existence of a unique solution of the initial value problem x′ = f(x) with x(0) = h−1(z0).
Moreover (see [1]), if F is a vector field on Sn continuous and locally Lipschitz continuous, then
for every point z0 on the sphere there exists a unique integral curve of F through the point z0, and
the integral curve is defined for every t ∈ R. Therefore, we shall require that any compactified
flow be locally Lipschitz on its compact domain.
The Poincare´ compactification is applied to polynomial vector fields, with the usual projection,
h, and the regularization function ρ(z) = zN−1n+1 , where N is the degree of the polinomial vector
field. See e.g. [10, 12, 14] for some recent papers using this technique. For polynomial Hamiltonian
systems see [4]. It has also been extended to some families of vector fields, for instance, to rational
vector fields [15] in a similar way to polynomial vector fields, or to quasi-homogeneous vector fields
chosing a different projection h and the same regularization function, but in this case N is defined
in terms of the sum of the degrees of the homogeneous functions (see e.g. [3, 7]).
One can consider more general projections h belonging to a certain class of admissible com-
pactifications and wonder when the compactification obtained is equivalent to the classical one.
Sufficient conditions for this has been obtained in [6] for polynomial vector fields, and has been
generalized to quasi-homogeneous vector fields in [11], in both cases using regularization functions
of the form ρ(z) = zN−1n+1 , for certain N .
In the present paper we study the Poincare´ compactification of vector fields only assuming they
are locally Lipschitz continuous. We study the existence of regularization functions depending
only of the latitude of the point in the sphere, that is, a function ρ only depending on zn+1, such
that the projected vector field can be extended to H+∪E as a locally Lipschitz continuous vector
field.
We prove that every locally Lipschitz continuous vector field is Poincare´ compactifiable, but
the furnished compactification could be zero on the equator. So, every point in the equator
is a rest point and the compactification hides the dynamic at infinity. To avoid this situation
we define non-null Poincare´ compactifiable vector fields, and we prove the equivalence of any
non-null compactification of a fixed vector field. Indeed, we obtain an explicit expression of the
regularization function for any non-null compactifiable vector field.
The definition of compactification given in this paper does not imply the invariance of the
equator, so we establish a characterization of non-null compactifiable vector fields with invariant
equator, in this case, taking h as the classical projection of Poincare´.
Next, we apply the obtained results to some families of vector fields, to give some thought to the
compactification properties of three families of vector fields: Polynomial vector fields, polynomial-
growth vector fields, and piecewise polynomial systems. For the first family we recover the clasical
Poincare´ result, and it brings out the fact that the compactified vector field is identically null on
the equator if and only if the polynomial vector field of degree N is f(x) = q(x)x+ R(x), where
q(x) is a scalar polynomial of degree N − 1 and R(x) is a polynomial of degree strictly lower than
N . We also note that, like in [7], the above resuls extends to the case
f(x) =
N∑
l=0
fl(x),
where fl(x) is a enough regular homogeneous function of degree l, i.e.
fl(λx) = λ
lfl(x), λ ∈ R, x ∈ Rn.
Vector fields that grows as polynomial as ‖x‖ → ∞ can be compactified in a similar way to
polynomial fields. Under hypotheses that guarantees the Lipschitz continuity of the vector field on
the closed upper hemisphere, we establish the Poincare´ compactification with invariant equator.
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The last part is devoted to the compactification of piecewise polynomial vector fields. As
a consequence of the results we obtain that piecewise linear (PWL) vector fields are non-null
compactifiable vector fields and we characterize the invariance of the equator. These results are
an extension of those presented in [9] to a general dimension phase space and to a vector fields
with finite number of linear pieces.
The structure of the paper is as follows, in Section 2, we establish the general theory and in
Section 3, we apply it to the three families above mentioned.
2. Poincare´ compactifiable vector fields
This Section deals with the Poincare´ compactification of locally Lipschitz continuous vector
fields defined on Rn. Consider a differential equation
x′ = f(x), (1)
where the vector field f : Rn → Rn is a locally Lipschitz continuous function. Let us project
the vector field defined by (1) to the upper hemisphere. To this end, we fix the diffeomorphism
h : Rn → H+.
The projected vector field is then given by the differential equation
z′ = g(z) := Dh
(
h−1(z)
)
f
(
h−1(z)
)
. (2)
See Figure 1 for a graphical representation of the compactification process. Notice that in Figure 1
the sterographical projection h is represented.
To study the behaviour near the equator, we introduce a new system of coordinates on H+∪E
minus the north pole en+1, using the diffeomorphism
E × [0, 1) −→ (H+ ∪ E)\{en+1},
defined by
(z, δ) → zδ = z
√
1− δ2 + δen+1. (3)
We note that varying z and keeping δ constant then (z, δ) is a parallel of H+ ∪ E, and varying δ
and keeping z constant then (z, δ) is a meridian.
Let pi : H+ ∪E → Rn be the projection of the first n–coordinates, that is pi(z) = (z1, . . . , zn)T .
Then, if (z1, . . . , zn+1) are the coordinates of zδ,
zn+1 =
√
1− ‖pi(z)‖2 = δ > 0.
Definition 1. Let f(x) be a locally Lipschitz continuous funtion in Rn. We say that x′ = f(x)
is a Poincare´ compactifiable vector field by a projection h if there exists a function ρ : (0, 1] →
R
+ = {δ ∈ R : δ > 0} such that the function ρ(zn+1)g (z) admits a Lipschitz continuous extension
to H+ ∪E.
The function ρ will be called regularization function and the extension to H+ ∪ E of the
regularized vector field ρ(zn+1)g (z) will be called the compactified vector field.
Note that, in Definition 1, no condition on ρ has been established but the fact that function
ρ(zn+1)g (z) admits a Lipschitz continuous extension to H+∪E. Later on, and under additionally
conditions for the vector field f , some properties on ρ will be derived.
Thus, if f is a compactifiable vector field and g is given in (2), for every z ∈ E, there exists
vρ(z) := lim
δ→0+
ρ(δ)g(z
√
1− δ2 + δen+1),
and the compactified vector field writes as
Fρ(z) =
{
ρ(zn+1)g (z) if zn+1 > 0,
vρ(z) if zn+1 = 0,
(4)
4 J. L. BRAVO, M. FERNA´NDEZ, AND ANTONIO E. TERUEL
x = h−1(zδ)
zδ
z
pi(zδ)
δ
R
n
H+
E
Figure 1. Poincare´ compactification of a vector field f . The phase space Rn is
identified with the hyperplane of Rn+1 tangent to the unit sphere Sn at the north
pole en+1. The stereographic projection h maps the phase space onto the north
hemisphere H+ and induces the projected vector field g on H+. The compactified
vector field Fρ is the Lipschitz continuous extension of g to the equator E after a
regularizating chage of coordinates.
and it is Lipschitz continuous in H+ ∪E.
For short, let us define the function
G : E × (0, 1] → Rn, G(z, δ) = g(zδ), (5)
where zδ is given in (3). So,
vρ(z) := lim
δ→0+
ρ(δ)G (z, δ) .
In the next Proposition we characterize the compactifiable vector fields in terms of the behaviour
of the regularized vector field.
Proposition 2. A vector field f(x) is Poincare´ compactifiable for a projection h if and only if
there exists a function ρ : (0, 1] → R+ such that
a) There exists limδ→0+ ρ(δ)G(z, δ), uniformly in z ∈ E.
b) ρ(zn+1)g (z) is globally Lipschitz continuous in H+.
Proof. Assume that f(x) is a Poincare´ compactifiable vector field. Therefore, there exists a
regularization function ρ : (0, 1] → R+ such that the compactified vector field Fρ(z), given in
(4), is locally Lipschitz continuous on the compact manifold H+ ∪ E. Hence, Fρ(z) it is globally
Lipschitz on H+∪E which proves (b). Moreover, since Fρ(z) is uniformly continuous in a compact
set, vρ(z) exists for every z ∈ E and the limit is uniform in z ∈ E, which proves (a).
Conversely, assume that the statements (a) and (b) are satisfied. From statement (a) function
vρ(z) is well defined and we can define Fρ(z) as in (4). From statement (b), Fρ is globally Lipschitz
continuous on H+. Then we only need to check that ‖Fρ(z)−Fρ(z¯)‖ ≤ L‖z− z¯‖ for z ∈ E, z¯ ∈ H+
and for z, z¯ ∈ E, where L is the global Lipschitz constant of ρ(zn+1)g(z) in H+.
Assume we are in the first case, let zδ = z
√
1− δ2 + δen+1, then
‖Fρ(z)− Fρ(z¯)‖ = lim
δ→0+
‖ρ(δ)g(zδ)− ρ(z¯n+1)g(z¯)‖
≤ lim
δ→0+
L‖zδ − z¯‖ = L‖z − z¯‖.
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Consider now the second case and assume z, z¯ ∈ E. Set zδ = z
√
1− δ2 + δen+1 and z¯δ¯ =
z¯
√
1− δ¯2 + δ¯en+1. From
‖Fρ(z)− Fρ(z¯)‖ ≤ ‖Fρ(z)− ρ(δ)g(zδ)‖+ ‖Fρ(z¯)− ρ(δ¯)g(z¯δ¯)‖+ ‖ρ(δ)g(zδ)− ρ(δ¯)g(z¯δ¯)‖
≤ ‖Fρ(z)− ρ(δ)g(zδ)‖+ ‖Fρ(z¯)− ρ(δ¯)g(z¯δ¯)‖+ L‖zδ − z¯δ¯‖
we obtain Fρ(z) Lipschitz continuous in H+ ∪ E using the uniform convergence in statement
(a). 
The next result proves that for every Lipschitz continuous vector field and every projection h,
there always exists a regularization function ρ(δ) that compactifies the vector field, although the
dynamic at infinity is trivial.
Theorem 3. Every locally Lipschitz continuous vector field f is Poincare´ compactifiable for any
projection h.
Proof. Given a locally Lipschitz continuous vector field f , we will prove that there exists a differ-
entiable function ρ : (0, 1] → R+ such that Fρ is locally Lipschitz continuous in H+ ∪ E.
The projected vector field g defined in (2) is a locally Lipschitz function provided f is a locally
Lipschitz continuous vector field and h is a diffeomorphism. Then, function G defined in (5) is
locally Lipschitz continuous. Let us denote by LG(δ) the Lipschitz constant of the function G on
the compact set E × [δ, 1].
We claim that there exists a function ρ ∈ C1((0, 1]), such that
max
{
ρ(δ), ρ′(δ)
}
m(δ) ≤ δ, for every δ ∈ (0, 1], (6)
where m(δ) = max
{
1, LG(δ),max(z,σ)∈E×[δ,1] ‖G(z, σ)‖
}
.
Since E × [δ1, 1] ⊂ E × [δ2, 1] if δ1 > δ2, m(δ) is a decreasing function. By linear interpolation
at the nodes {(
1
k
,
1
(k + 1)m(1/(k + 1))
)}∞
k=1
,
we define a continuous, positive and strictly increasing function ρ˜(δ) such that ρ˜(δ) ≤ δ/m(δ).
Set ρ(δ) =
∫ δ
0 ρ˜(r) dr. Then
0 ≤ ρ(δ) =
∫ δ
0
ρ˜(r) dr ≤ ρ˜(δ)δ ≤ ρ˜(δ) ≤ δ/m(δ).
Note that vρ is identically null. Indeed by (6),
‖vρ(y)‖ = lim
δ→0+
ρ(δ)‖G (y, δ) ‖ ≤ lim
δ→0+
ρ(δ)m(δ) ≤ lim
δ→0+
δ = 0.
Next, we prove that the function Fρ(z) is locally Lipschitz continuous. As the function is locally
Lipschitz continuous in H+, we only need to prove that it is locally Lipschitz continuous in a
neighborhood of E. Let us consider a point of the equator and a neighborhood U of this point.
Let z, z¯ ∈ U . We are going to bound ‖Fρ(z)− Fρ(z¯)‖/‖z − z¯‖ for z, z¯ ∈ U , z 6= z¯.
If z, z¯ ∈ E, then the bound is 0 since, according to (4), Fρ(z) = vρ(z) = 0 and Fρ(z¯) = vρ(z¯) = 0.
Assume z ∈ H+, z¯ ∈ E. There exist ze ∈ E, 0 < δ < 1, such that z = ze
√
1− δ2+ δen+1. Since
Fρ(z¯) = 0, then
‖Fρ(z)− Fρ(z¯)‖ = ‖ρ(δ)G(ze, δ)‖ ≤ δ = |zn+1 − z¯n+1| ≤ ‖z − z¯‖.
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Finally, assume that z, z¯ ∈ H+, that is, z = ze
√
1− δ2 + δen+1, z¯ = z¯e
√
1− δ¯2 + δ¯en+1, for
certain ze, z¯e ∈ E, 0 < δ, δ¯ < 1. We may assume δ < δ¯. Then
‖Fρ(z)− Fρ(z¯)‖
‖z − z¯‖ =
‖ρ(δ)G(ze, δ)− ρ(δ¯)G(z¯e, δ¯)‖
‖z − z¯‖
≤ ρ(δ)‖G(ze, δ)−G(z¯e, δ)‖‖z − z¯‖ +
|ρ(δ) − ρ(δ¯)|
‖z − z¯‖ ‖G(z¯e, δ¯)‖
≤ ρ(δ)LG(δ) + ρ
′(ξ)(δ¯ − δ)m(δ¯)
‖z − z¯‖
≤ ρ(δ)LG(δ) + ρ′(ξ)m(δ¯),
where δ < ξ < δ¯. Since ρ(δ)LG(δ) ≤ ρ(δ)m(δ) ≤ δ, and since ρ′ is an increasing function, from
(6) we obtain, ρ′(ξ)m(δ¯) ≤ ρ′(δ¯)m(δ¯) ≤ δ¯. Then
‖Fρ(z)− Fρ(z¯)‖
‖z − z¯‖ ≤ δ + δ¯ ≤ 2.

2.1. Non-null Poincare´ compactification. Theorem 3 states that every locally Lipschitz con-
tinuous vector field is Poincare´ compactifiable, but the compactified vector field it provides is
identically null along the equator. In this subsection we study compactifications with a non-
trivial dynamics in the equator.
We say that the compactification is identically null when vρ ≡ 0 and non-null otherwise. To
emphasize the dependence of the compactification on the function ρ, we will say f is a Poincare´
compactifiable vector field by the regularization function ρ.
Next we prove that any two non-null Poincare´ compatifications are topologically equivalent via
the identity.
Proposition 4. A locally Lipschitz continuous vector field f(x) is a non-null Poincare´ compact-
ifiable vector field for a projection h if and only if there exist z¯ ∈ E and 0 < δ¯ < 1 such that the
following function is defined
ρ¯(δ) =
{
‖G(z¯, δ)‖−1, if 0 < δ < δ¯,
‖G(z¯, δ¯)‖−1, if δ¯ ≤ δ ≤ 1,
and the vector field is non-null Poincare´ compactifiable by the regularization function ρ¯.
Proof. Assume that f is a non-null Poincare´ compactifiable vector field. Then there exists a
regularization function ρ : (0, 1] → R+ such that Fρ(z) is locally Lipschitz continuous in H+ ∪ E
and the function vρ(z) is not idendically null in E. Take z¯ ∈ E such that vρ(z¯) 6= 0. By continuity,
there exists δ¯ such that G(z¯, δ) 6= 0 in (0, δ¯]. Therefore, the function ρ¯(δ), given in the statement
of the proposition, is well defined. Now, we are going to prove that the function Fρ¯(z) given in
(4), but with regularization function ρ¯, is Lipschitz continuous in H+∪E. Before that, let z ∈ E.
Since ρ(δ) > 0 and vρ(z¯) 6= 0, it follows that
lim
δ→0+
ρ(δ)G(z, δ)
‖ρ(δ)G(z¯, δ)‖ =
vρ(z)
‖vρ(z¯)‖ .
Therefore
vρ¯(z) = lim
δ→0+
ρ¯(δ)G(z, δ)
= lim
δ→0+
G(z, δ)
‖G(z¯, δ)‖
= lim
δ→0+
ρ(δ)G(z, δ)
‖ρ(δ)G(z¯, δ)‖ =
vρ(z)
‖vρ(z¯)‖ .
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We conclude that vρ¯ is well defined and, since ‖vρ¯(z¯)‖ = 1, it is a non-null function.
To prove that Fρ¯ is Lipschitz continuous in H+ ∪ E we note that, for zn+1 ≥ δ¯ it follows that
Fρ¯(z) = g(z) ‖G(z¯ , δ¯)‖−1, (7)
and for 0 < zn+1 < δ¯ it follows that
Fρ¯(z) =
Fρ(z)∥∥∥Fρ (z¯√1− z2n+1 + zn+1en+1)∥∥∥ . (8)
Since g(z) is globally Lipschitz continuous in {z ∈ S : zn+1 ≥ δ¯}, Fρ(z) is Lipschitz continuous in
H+ ∪ E, and
lim
zn+1→0
∥∥∥∥Fρ(z¯
√
1− z2n+1 + zn+1en+1)
∥∥∥∥ = ‖vρ(z¯)‖ > 0,
we obtain that Fρ¯(z) is the quotient of two Lipschitz continuous functions where the denominator
does not vanish. Hence, Fρ¯(z) is a Lipschitz continuous function in H+ ∪ E. 
Example 5. There exist locally Lipschitz continuous vector fields that are not non-null Poincare´
compactifiable. Indeed, consider the vector field defined by the following differential equation
x′ = cos(‖x‖)x, x ∈ Rn.
The critical points are
{x ∈ Rn : ‖x‖ = pi/2 + kpi for some k ∈ Z+}.
Let x such that ‖x‖ = pi/2, and consider the sequence
{λkx}k∈Z+ , where λk =
pi
2 + kpi
pi
2
= 1 + 2k.
Then
h(λkx) =
(
λkx√
1 + ‖λkx‖2
,
1√
1 + ‖λkx‖2
)
→
(
x
‖x‖ , 0
)
.
Since f(λkx) = 0 for every k ∈ Z+, then Fρ(x/‖x‖, 0) = 0. That is, the vector field is identically
null in E.
Example 6. Let n = 2, and define the vector field such that for (z1, z2, 0) ∈ E, and 0 < δ < 1,
G((z1, z2, 0), δ) =
(
δ√
(1− δ2)z1 + δ2
ez1
√
1−δ2
δ , 0,−
√
1− δ2z1√
(1− δ2)z1 + δ2
ez1
√
1−δ2
δ
)
.
Then the compactified vector field is null on E, since if we assume that the vector field is
non-null on E, by Proposition 4, there exists z¯ = (z¯1, z¯2, 0) ∈ E and 0 < δ¯ < 1 such that f is
compactifiable by
ρ¯(δ) =
1
‖G(z¯, δ)‖ = e
− z¯1
√
1−δ2
δ , 0 < δ < δ¯.
Then
vρ¯(z) =
(
lim
δ→0+
e
(z1−z¯1)
√
1−δ2
δ , 0
)
.
In consequence, vρ¯(z) is not defined, when z1 > z¯1, which is a contradiction with the assumption
that f is compactifiable with regularization function ρ¯.
Note that if we take other z˜ ∈ E and ρ˜(δ) = 1/‖G(z˜, δ)‖,
lim
δ→0+
ρ¯(δ)
ρ˜(δ)
= lim
δ→0+
‖G(z˜, δ)‖
‖G(z¯, δ)‖ = limδ→0+ e
(z˜1−z¯1)
√
1−δ2
δ =
{
0, if z˜1 < z¯1,
∞, if z˜1 > z¯1.
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From this we conclude that the growth of the norm of the compactified vector field along the
directions of E are not equivalent.
In Section 3, we will see that this does not happen for polynomial vector fields.
We say that two compactifications are equivalent if the compactified vector fields are topologi-
cally equivalent.
Theorem 7. Any two non-null Poincare´ compactification of a fixed locally Lipschitz continuous
vector field are equivalent.
Proof. Note that for any regularization function ρ, defining ρ¯ as in Proposition 4, the vectors
fields Fρ and Fρ¯ are topologically equivalent since they are proportional by a positive function,
see (7)-(8). Moreover, the topological equivalence is the identity. 
2.2. Invariance of the equator. The Poincare´ compactification of polynomial vector fields with
regularization function ρ(z) = zN−1n+1 produces a compactification such that E is invariant by the
flow of the vector field Fρ(z). This invariance is useful to further project the compactified vector
field into the unit disk with differentiability. Nevertheless, the definition of Poincare´ compactifi-
cation used here does not imply this invariance.
In this subsection we study when the equator is invariant in the classical Poincare´ compatifi-
cation, i.e., when the projection is given by the stereographic projection h : Rn → H+ defined
by
h(x) =
(
x1√
1 + ‖x‖2 , . . . ,
xn√
1 + ‖x‖2 ,
1√
1 + ‖x‖2
)
, (9)
being its inverse
h−1(z) =
(
z1
zn+1
, . . . ,
zn
zn+1
)
.
Note that for any identically null compactification, the equator is always invariant as it con-
sists of singular points. Therefore, we only need to study the invariance in the case of non-null
compactifications.
Firstly, we obtain the expression of the compactified vector field in terms of the parametrization
of H+ ∪ E given in (3). Moreover, we recall that g(z) = Dh(h−1(z))f(h−1(z)), where
Dh(h−1(z)) = zn+1
(
I − pi(z)pi(z)T
−zn+1pi(z)T
)
,
being I the unit matrix of order n. Hence, the compactified vector field is
Fρ(zδ) = ρ(δ)g(zδ) = δρ(δ)
(
f(h−1(zδ))− pi(zδ)pi(zδ)T f(h−1(zδ))
−δpi(zδ)T f(h−1(zδ))
)
. (10)
Then,
pi(Fρ(zδ)) = δρ(δ)
(
f(h−1(zδ))− 〈pi(zδ), f(h−1(zδ))〉pi(zδ)
)
where 〈·, ·〉 is the ordinary scalar product in Rn. The n+ 1 component of the vector field is
pin+1(Fρ(zδ)) = −δ2ρ(δ)〈pi(zδ), f(h−1(zδ))〉.
From this, we obtain
pi (Fρ(zδ)) =
δ2ρ(δ)f(h−1(zδ)) + pin+1(Fρ(zδ))pi(zδ)
δ
. (11)
Notice that the equator E is invariant under the flows of the compactified vector field Fρ(z)
when the last coordinate of Fρ(z) is zero, i.e. pin+1(Fρ(z)) = 0, for every z ∈ E. In the next result
we characterize the invariance of the equator in terms of the vector field f .
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Theorem 8. Assume that f is a non-null Poincare´ compactifiable Lipschitz continuous vector
field, and let Fρ be the compactified vector field. The equator E is invariant under the flow of Fρ,
if and only if for every z ∈ E,
lim
δ→0+
δ2ρ(δ)f(h−1(zδ)) = 0, (12)
where zδ is given by (3).
Proof. We shall prove that for each z ∈ E, pin+1 (Fρ(z)) = 0 if and only if (12) holds.
Suppose that z ∈ E is such that
pin+1 (Fρ(z)) = lim
δ→0+
pin+1 (Fρ(zδ)) = 0.
As the limit of pi(Fρ(zδ)) exists as δ → 0+ and the denominator in (11) tends to zero, then
0 = lim
δ→0+
δ2ρ(δ)f(h−1(zδ)) + zδpin+1(Fρ(zδ)) = lim
δ→0+
δ2ρ(δ)f(h−1(zδ)).
Conversely, assume (12) holds. That is
lim
δ→0+
δ2ρ(δ)〈f(h−1(zδ)), pi(z)〉 = 0.
Then
pin+1 (Fρ(z)) = lim
δ→0+
pin+1 (Fρ(zδ)) = − lim
δ→0+
δ2ρ(δ)〈pi(zδ), f(h−1(zδ))〉
=− lim
δ→0+
δ2ρ(δ)〈pi(z), f(h−1(zδ))〉 = 0.

3. Families of non-null Poincare´ compactifiable vector fiels
In this section we discuss three applications of our results: compactification of polynomial
vector fields, polynomial-growth vector fields and piecewise linear vector fields.
3.1. Polynomial vector fields. In this subsection we apply previous results to polynomial vector
fields, in order to show they provide the classical Poincare´ compactification, but desingularizing
the vector field.
Let f be a polynomial in x1, . . . , xn of degree N . Then f(x) =
∑
|α|≤N fαx
α, where α =
(α1, . . . , αn), αk ∈ Z+, |α| =
∑n
j=1 αj , x
α = xα11 . . . x
αn
n , and fα ∈ Rn. Since f has degree N , we
are assuming that
∑
|α|=N fαx
α is not identically null.
Theorem 9 (Poincare´). If f is a polynomial vector field of degree N , then it is a compactifiable
vector field by the regularization function ρ(δ) = δN−1, and the equator is invariant under the
flow of the compatified vector field.
Proof. For any given z ∈ E we consider zδ = z
√
1− δ2 + δen+1, δ ∈ (0, 1], and the vector field
Fρ(zδ) on H+.
By taking into account that h−1(zδ) = pi(z)
√
1− δ2/δ, we have
f(h−1(zδ)) =
∑
|α|≤N
fαpi(z)
α (1− δ2)
|α|
2
δ|α|
=
(1− δ2)N2
δN
∑
|α|=N
fαpi(z)
α +R(z, δ),
where R(z, δ) is a function with limδ→0+ δNR(z, δ) = 0.
From (10),
lim
δ→0+
pi(Fρ(zδ)) =
∑
|α|=N
(fαpi(z)
α − 〈pi(z), fαpi(z)α〉pi(z))
lim
δ→0+
pin+1(Fρ(zδ)) = 0,
which implies that the vector field is compatificable and the equator is invariant under the flow. 
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Theorem 10. Let f be a polynomial field of degree N which can be compactified by a regularization
function ρ(δ).
a) The equator is invariant under the compactified flow if and only if limδ→0 ρ(δ)δ2−N = 0.
b) If ρ(δ) = δN−1 and the compactification is identically null, then the vector field f can be
compactified by the regularization function ρ˜(δ) = δN−2, but in this case the equator is not
invariant under the compactified flow.
c) The compactification by ρ(δ) = δN−1 is identically null if and only if the vector field is
f(x) = q(x)x+R(x), where q(x) is a scalar homogeneous polynomial of degree N −1, and
R is a polynomial of degree strictly lower than N .
Proof. (a) From Theorem 8 the equator is invariant under the flow if and only if for every z ∈ E,
0 = lim
δ→0+
δ2ρ(δ)f(h−1+ (zδ)) = lim
δ→0
δ2−N (1− δ2)N/2ρ(δ)
∑
|α|=N
fαpi(z)
α.
The result follows straightforward since there exists z0 ∈ E such that
∑
|α|=N fkαpi(z0)
α 6= 0,
provided that the vector field has degree N .
(b) Since
pi(Fρ(zδ)) = δ
N
(
f(h−1(zδ))−
〈
pi(zδ), f(h
−1(zδ))
〉
pi(zδ)
)
=

(1− δ2)N2 ∑
|α|=N
fαpi(z)
α + δNR(z, δ) −
〈
pi(zδ), (1 − δ2)
N
2
∑
|α|=N
fαpi(z)
α
〉
pi(zδ)

 ,
it follows from the hypothesis that
lim
δ→0+
pi(Fρ(zδ)) =
∑
|α|=N
fαpi(z)
α −
〈
pi(z),
∑
|α|=N
fαpi(z)
α
〉
pi(zδ) = 0. (13)
Taking into account that pi(Fρ˜(zδ)) = pi(Fρ(zδ))/δ in a similar way we obtain
lim
δ→0+
pi(Fρ˜(zδ)) =
∑
|α|=N−1
fαpi(z)
α −
〈
pi(z),
∑
|α|=N−1
fαpi(z)
α
〉
pi(z). (14)
Moreover,
lim
δ→0+
pin+1(Fρ˜(zδ)) = − lim
δ→0+
〈
pi(zδ), (1 − δ2)
N
2
∑
|α|=N
fαpi(z)
α + δNR(z, δ)
〉
= −
〈
pi(z),
∑
|α|=N
fαpi(z)
α
〉
.
Therefore, the vector field is compactifiable by the regularization function ρ˜(δ).
Since
∑
|α|=N fαpi(z)
α is not identically null, the equator is not invariant under the flow
pi(Fρ˜(zδ)).
(c) We shall denote fN to the homogeneous part of degree N , that is
fN(x) =
∑
|α|=N
fαx
α.
Assume that the compactified vector field is identically null by ρ(δ) = δN−1. By (13) we have
fN(z) = 〈pi(z), fN (z)〉pi(z), z ∈ E.
Let x ∈ Rn, y = x/‖x‖. Then
fN (x) =
〈
x, fN(x)
〉
‖x‖2 x.
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Necessarily, q(x) =
〈x,fN (x)〉
‖x‖2 is a homogeneous polynomial of degree N − 1.
Conversely, let fN (x) = xq(x), where q is a scalar homogeneous polynomial of degree N − 1.
For every z ∈ E, ‖pi(z)‖ = 1 and then
lim
δ→0+
pi(Fρ(zδ)) = q(pi(z))pi(z) − 〈pi(z), q(pi(z))pi(z)〉 pi(z) = 0.

Remark 11. In Corollaries 9 and 10 we have only used that
f(x) =
N∑
l=0
fl(x),
where fl(x) is a locally Lipschitz continuous homogeneous function of degree l, i.e.
fl(λx) = λ
lfl(x), λ ∈ R, x ∈ Rn.
See [7].
3.2. Polynomial-growth vector fields. Let Sn−1 = {x ∈ Rn : ‖x‖ = 1}. If f is locally
Lipschitz continuous, then so is
(x, δ) ∈ Sn−1 × (0, 1] → f
(x
δ
)
.
In the following result we will use the next hypotheses:
There exists N ∈ N such that
(x, δ) ∈ Sn−1 × (0, 1] → δNf
(x
δ
)
. (15)
is globally Lipschitz continuous and there exists
ωN (x) = lim
δ→0+
δNf
(x
δ
)
, uniformly in x ∈ Sn−1. (16)
Theorem 12. Assume (15) and (16) are satisfied. Then the vector field f(x) is Poincare´ com-
pactifiable by the regularization function ρ(δ) = δN−1. Moreover the equator is invariant.
Proof. Considering
δNf
(
pi(z)
√
1− δ2
δ
)
=
(
1− δ2)N/2( δ√
1− δ2
)N
f
(
pi(z)
√
1− δ2
δ
)
,
we obtain that
δNf
(
pi(z)
√
1− δ2
δ
)
is globally Lipschitz continuous in E × (0, 1] and
lim
δ→0
δNf
(
pi(z)
√
1− δ2
δ
)
= ωN (pi(z)), uniformly in E.
By (10) we obtain
pi(Fρ(zδ)) = δ
N
(
f
(
pi(z)
√
1− δ2
δ
)
−
〈
pi(zδ), f
(
pi(z)
√
1− δ2
δ
)〉
pi(zδ)
)
,
pin+1(Fρ(zδ)) = −δN+1
〈
pi(zδ), f
(
pi(z)
√
1− δ2
δ
)〉
.
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Taking limit as δ → 0+, we have
lim
δ→0+
pi(Fρ(zδ)) = ωN (pi(z)) −
〈
pi(z), ωN (pi(z))
〉
pi(z),
lim
δ→0+
pin+1(Fρ(zδ)) = 0.
being both limits uniform in E. By Proposition 2 we get that Fρ(z) admits a Lipschitz continuous
extension to H+ ∪E, that is, the vector field x′ = f(x) is Poincare´ compactifiable. Moreover the
equator is invariant.

3.3. Piecewise polynomial vector fields. In this subsection we apply previous results to a
class of vector fields showing polynomial behaviour near the infinity, the piecewise polynomial
vector fields. Then, we restrict ourselves to the case where the maximum degree of the involved
polynomials is equal 1, that is, the piecewise linear (PWL) vector fields. PWL vector fields have
attracted the attention of different authors since they appeared in the work of Andronov et al
[2]. Nowadays, different works use these systems to produce simple exemples of very complicated
dynamical objects or to provide results which are not easy to prove in a general framework, see
[9, 5] and references therein. Moreover, PWL differential system are used to model real systems
(electronic circuits, neuronal behaviours, etc ...) in a framework which is more friendly for the
analysis and less expensive computationally, see [5].
Definition 13. Consider finitely many connected subsets with non-empty interior Si ⊂ Rn,
i = 0, . . . , p, such that Si ∩ Sj = ∅ if i 6= j and
⋃p
i=0 Si = R
n.
A function f : Rn → Rn is a piecewise polynomial vector field if there exist polynomials
fi ∈ R[x1, . . . , xn], such that
f(x) =
p∑
i=0
χ
Si
(x)fi(x),
where χ
Si
is the characteristic funtion of the set Si.
Proposition 14. Every polynomial piecewise continuous vector field is compactifiable for any
projection h.
Proof. We will prove that the vector field is locally Lipschitz continuous, and we conclude by
Theorem 3.
Let B a ball in Rn, and take x, x¯ ∈ B. There exists 0 = α0 < . . . < αm = 1 such that if
xi = αix+ (1− αi)x¯
then xi, xi+1 ∈ S¯ji , for certain 0 ≤ ji ≤ m.
Since the polynomials are Lipschitz in B, let L be the maximum of their Lipschitz constants.
Then
‖f(x)− f(x¯)‖ ≤
m−1∑
i=0
∥∥f(xi)− f(xi+1)∥∥ ≤ Lm−1∑
i=0
∥∥xi − xi+1∥∥ = L‖x− x¯‖.

Even when the boundaries of the piecewise polynomial vector field are (n − 1)-dimensional
algebraic manifolds and move away from the origin in a way which can be handled, the difference
between the degrees of the involved polynomials can force the compactified vector field to be
identically null at infinity. Next we introduce an example showing this behaviour.
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Example 15. Given the piecewise polynomial system
f((x1, x2)) =


(x2, x1) x1 ≤ −1,
(x1 + x2 + x
2
1, x1 + x2 + x1x2) |x1| ≤ 1,
(2x1 + x2, x1 + 2x2) x1 > 1,
the projected vector field defined over the hemisphere H+ is given by
g(z) =


g−(z) z1 ≤ −zn+1,
g0(z) |z1| ≤ zn+1,
g+(z) z1 ≥ zn+1,
where
g−(z) =

z2 − 2z21z2z1 − 2z1z22
−2z1z2z3

 , g0(z) =

 z1 + z2 +
z21
z3
− z31 − z1z22 − 2z21z2 − z
4
1
z3
− z21z22z3
z1 + z2 +
z1z2
z3
− z21z2 − 2z1z22 − z32 − z
3
1z2
z3
− z1z32z3−(z31 + z21z3 + z1z22 + 2z1z2z3 + z22z3)

 ,
and
g+(z) =

2z1 − 2z31 + z2 − 2z21z2 − 2z1z22z1 + 2z2 − 2z21z2 − 2z1z22 − 2z32
−2z21z3 − 2z1z2z3 − 2z22z3

 .
From the expression of g0(z), the regularization function must be ρ(δ) = δ. Therefore, the
regularized vector field ρ(zn+1)g(z) extends continuously to the equator, but it is identically null
at the equator.
At this point, we restrict our attention to piecewise polynomial vector fields such that all the
polynomial vector fields f i having the same degree N . In particular, we consider the case N = 1,
which corresponds with the family of the piecewise linear (PWL) vector fields.
Definition 16. Consider finitely many connected subsets with non-empty interior Si ⊂ Rn,
i = 0, . . . , p, such that Si ∩ Sj = ∅ if i 6= j,
⋃p
i=0 Si = R
n and
∑
ij = S¯i ∩ S¯j is either an
(n− 1)-dimensional manifold or is the empty set.
A function f : Rn → Rn is a piecewise linear vector field if there exist matrices of order n, Ai,
and vectors, bi ∈ Rn, such that
f(x) =
p∑
i=0
χ
Si
(x)(Aix+ bi),
where χ
Si
is the characteristic funtion of the set Si.
Next, we rewrite PWL vector fields in a form, called the Lure’s form (see Lemma 17(c)-(d)),
which can be considered suitable for the compactification process.
Lemma 17. Consider a continuous piecewise linear vector field f .
a) Then
∑
ij is an affine subspace of dimension n− 1.
b) Given two different boundaries
∑
ij and
∑
i′j′, then
∑
ij ∩
∑
i′j′ = ∅.
c) There exist τ1 < · · · < τp, a continuous piecewise funtion ϕ : R→ R given by
ϕ(σ) =


α0σ + β0 σ ≤ τ1,
αiσ + βi σ ∈ [τi, τi+1],
αpσ + βp σ ≥ τp,
a n× n matrix A, and vectors k, b ∈ Rn such that
f(x) = Ax+ ϕ(kTx)b.
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d) There exists a linear change of coordinates y =Mx such that
f(y) = A¯y + ϕ(eT1 y)b¯,
where A¯ =M−1AM , b¯ =M−1b and e1 is the first element of the cannonical base of Rn.
Proof. Since the vector field is continuous, the boundary
∑
ij can be written as the x ∈ Rn such
that (Ai −Aj)x = (bj − bi), which proves (a).
Assuming that
∑
ij ∩
∑
i′j′ 6= ∅, it follows that either
∑
ij′ or
∑
i′j is a n− 2-dimensional affin
manifold, which contradicts the hypothesis, so we conclude statement (b).
From statements (a) and (b), it follows that there exists a vector k ∈ Rn such that every
boundary
∑
ij can be written as
∑
ij = {x ∈ Rn : kTx = τij}.
Reindexing the regions and the boundaries if necessary, we consider τ1 < · · · < τp and the
boundaries
∑
i = {x ∈ Rn : kTx = τi}.
Denote j to the index of the region Sj containing the origin. Let A = Aj and b = bj. Therefore,
the piecewise linear function ϕ(σ) defined as
ϕ(σ) =


α0σ + β0 σ ≤ τ1,
αiσ + βi σ ∈ [τi, τi+1],
αpσ + βp σ ≥ τp,
can be obtained from the following equation
bk = βk b,
Ak = A+ αk b k
T ,
since from the last equation we conclude that (Ak − Aj)x = αk b τk for x ∈
∑
k, which proves
statement (c). 
The compactification of the continuous PWL vector fields has been also addressed in some
papers. Nevertheless, every time just for a particular group of these vector fields [8, 9]. Next we
consider the general case. Considering the PWL system in the Lure’s form given in Lemma 17(d),
from (10), the projected vector field writes as
z′ = g(z) =
(
I − pi(z)pi(z)T
−zn+1pi(z)T
)(
Api(z) + zn+1ϕ
(
z1
zn+1
)
b
)
.
which is already defined in H+ ∪ E, so, in this case, the regularization function is ρ(δ) = 1.
Notice that the boundary
∑
i = {x ∈ Rn : ϕ(eT1 x) = τi} at the half-sphere H+ ∪ E is given by
z ∈ H+∪E such that z1−zn+1τi = 0 with i = 0, . . . , p, which extends continuously to the equator
E as the Sn−2 given by z1 = 0, zn+1 = 0. Moreover, for those z ∈ H+ ∪ E such that z1 6= 0 the
compactified vector field at the equator writes as
z′ = g(z) =
(
I − pi(z)pi(z)T
0T
)(
A+ αi be
T
1
)
pi(z), with i ∈ {0, p}. (17)
Since A0 = A+ α0 be
T
1 and Ap = A+ αp be
T
1 are the matrices of the linear systems defined in the
external domains, these systems play a relevant role in the compactification process.
Theorem 18. Consider a continuous PWL vector field in the Lure’s form
f(x) = Ax+ ϕ(eT1 x)b,
and let A0 and Ap be the matrices of the linear systems in the external domains. The compactifica-
tion of the vector field is identically null if and only if both matrices A0 and Ap are diagonalizable
and the diagonal matrices are λ0I and λpI repectively.
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Proof. Let us consider z ∈ H+ ∪ E with z1 > 0. The case z1 < 0 follows in a similar way.
Assuming that Ap is diagonalizable and the diagonal matrix is λp I, it follows Appi(z) = λppi(z)
for every z. From (17), the expression of the vector field at the equator is
z′ = g(z) =
(
(I − pi(z)pi(z)T )Appi(z)
0T
)
=
(
Appi(z) − λppi(z)‖pi(z)‖2
0T
)
,
which is identically null, since ‖pi(z)‖ = 1.
Conversely, suppose that the vector field is identically null, then
(I − pi(z)pi(z)T )Appi(z) = 0,
for every z ∈ H+ ∪ E with z1 > 0. Hence,
Appi(z) = pi(z)pi(z)
TAppi(z)
= (pi(z)TAppi(z))pi(z).
Therefore pi(z)TAppi(z) is the eigenvalue of pi(z) for every z, which implies that every direcction
is a eigenvector. We conclude that the matrix Ap is diagonalizable and the diagonal matrix is
λ I. 
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